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Harmonic oscillators

Newon’s law F = ma = m
d2x

dt2

Hooke’s law F = −kx

ω =
2π

T
= 2πf

• Simple harmonic oscillator

equation:
d2x

dt2
+ ω2

0x = 0

mass-spring: ω0 =

√
k

m

pendulum: ω0 =

√
g

l

solution: x(t) = xmax cos(ω0t+ φ)

• Damped harmonic oscillator

equation:
d2x

dt2
+ 2γ

dx

dt
+ ω2

0x = 0

γ =
c

2m
solution for weak damping: x(t) = xmaxe

−γt cos(ωdt+ φ)

ωd =
√
ω2

0 − γ2

critial damping when γ2 = ω2
0

• Driven harmonic oscillator

equation:
d2x

dt2
+ 2γ

dx

dt
+ ω2

0x =
F0

m
eiωt

solution: x(t) = A(ω)ei(ωt−φ(ω))

Maximum when driving freqency ω equals the resonance frequency:

ωr =
√
ω2
d − γ2
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• Quality factor

Q =
A(ωr)

A(0)
≈ ω0

2γ

Q = πN

(
N oscillations for amplitude to decay to

1

e

)
Q =

ωr
∆ωFWHM

Waves

wave equation:
∂2f

∂t2
= c2

∂2f

∂x2

solution: f(φ) where φ = kx± ωt

c = λf k =
2π

λ
ω = ck

dispersion relation ω(k) = c(k)k

phase velocity c =
ω

k

group velocity v
G

=
dω

dk
impedance Z = cρ

reflection/transmission r + t = 1

Fictitious forces

Centrifugal force F ′
cf = −mω × (ω × r′)

Coriolis force F ′
cor = −2mω × v′

Lagrangian mechanics

L = T − V

d

dt

(
∂L

∂q̇i

)
=
∂L

∂qi

If ∂L
∂qi

= 0 then qi is cyclic/ignorable and ∂L
∂q̇i

is a constant of motion.

Translational kinetic energy T =
1

2
mv2

Rotational kinetic energy T =
1

2
Iω2

Gravitational potential energy V = −GM1M2

r
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