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Mechanisms of cell motion in confined geometries
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Abstract. We present a simple mechanism of cell motility in a confined geometry, inspired by
recent motility assays in microfabricated channels. This mechanism relies mainly on the coupling
of actin polymerisation at the cell membrane to geometric confinement. We first show analytically
using a minimal model of polymerising viscoelastic gel confined in a narrow channel that spontaneous motion occurs due to polymerisation alone. Interestingly, this mechanism does not require
specific adhesion with the channel walls, and yields velocities potentially larger than the polymerisation velocity of the gel. We then study the effect of the contractile activity of myosin motors,
and show that whilst it is not necessary to induce motion, it quantitatively increases the velocity of
motion in the polymerisation mechanism we describe. Our model qualitatively accounts for recent
experiments which show that cells without specific adhesion proteins are motile only in confined
environments while they are unable to move on a flat surface. It also constitutes a first step in the
study of cell migration in more complex confined geometries such as living tissues.
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1. Introduction
Identifying and testing simple mechanisms of cell motion is an interdisciplinary challenge of interest not only to biology but also to mathematical and physical sciences, with important applications
to medical and technological sciences. Many studies have naturally focussed on cells crawling
on a glass substrate, however in biological systems cells often move within a more complex environment. There is an obvious need to better understand cell motion within environments such as
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living tissues. One aspect of such environments is that of geometric confinement. In this article we
consider the question of cell motion in confinement building on the model first presented in [12].
Biological systems usually have low Reynolds number, meaning viscous forces dominate over
inertial forces. Since inertia is negligible, sustained motion requires a constant input of energy.
Systems driven out of equilibrium by an internal or external energy source are termed active.
Examples of active systems range from animal flocks [31] and bacterial colonies [7, 11] to vibrated
granular media [25]. The cell cytoskeleton is a striking example of such an active system. It
is a network of long semi-flexible filaments made up of protein subunits, interacting with other
proteins such as motor proteins. The filaments, for example actin, use the chemical energy of ATP
hydrolysis to polymerise and the motor proteins use this chemical energy to exert active stresses
that deform the network [1, 26].
Two main different mechanisms for cell motility have now been distinguished, namely polymerisation (or treadmilling referring to polymerisation of a filament at one end and depolymerisation at the other end) and contractility due to molecular motors. Motion due to polymerisation
[2, 24] and to contractility [26] have now been observed experimentally and studied theoretically
[14, 15, 16, 32, 33, 35] and numerically [22, 23]. In all these models the essential ingredients
for motion are an energy input to overcome dissipation and sufficient adhesion or friction with a
substrate to transfer momentum. The common picture of a cell crawling on a surface is: the thin
protrusion at the leading edge of the cell (called the lamellipodium) builds strong adhesion points
with the substrate and pushes forward its membrane by polymerising actin. At the back of the cell,
the cell body contracts and breaks the adhesion points. The resulting overall cell velocity is then
limited by the actin polymerisation rate (which however varies substantially between cell types),
in agreement with available experimental data [5, 27, 30].
Recent experiments [18, 21] have observed both in-vivo and in-vitro that mutant cells that
are unable to produce active integrin complexes (adhesion proteins) display sustained motility in
confined environments (tissues or synthetic polymeric gels), whereas they fail to move on flat
two-dimensional substrates. Motion in confinement is also observed even without myosin [18].
These observations suggest the existence of an alternative mechanism of motility to the adhesion
dependent picture of a cell crawling on a surface. The ability of these cells to move in confinement
but not on a surface suggests that confinement plays a vital role in this mechanism of motion.
In this article we discuss a new, simple mechanism of motility which relies strongly on geometric confinement and which accounts for these observations. Interestingly, it does not require
strong specific adhesion, and yields velocities potentially larger than the polymerisation velocity.
This confinement induced motility mechanism is driven primarily by actin polymerisation at the
cell membrane. We also discuss the role of active contractility due to the action of molecular motors. The model relies on the hydrodynamic theory of active gels [14, 15, 16], which we review.
Such a mathematical model of motion in simple confined geometries is motivated by experiments
in microfabricated channels [8] and could help in understanding the mechanisms of cell migration
is complex crowded environments such as living tissues.
In Section 2. we introduce the simplest form of our model; that of a polymerising viscoelastic
gel confined in a long thin channel. After discussing the pressure dependence of the polymerisation
and the friction with the channel walls, we calculate the pressure and velocity profile and discuss
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the hypotheses we make to model a finite moving biological cell. In Section 3. we review the theory
of active gels and discuss the role of the contractile active stress induced by molecular motors in
the model presented in Section 2.. Finally in Section 4. we broaden our discussion of confinement
in a straight channel by introducing a tilt to the channel wall thereby making an initial step towards
more complex confined geometries.

2. Polymerising gel model
In this section we introduce our model starting from a polymerising viscoelastic gel confined in a
channel. We then refine this model to mimic motile cells in confinement.

2.1. A viscoelastic gel in an infinitely long channel

channel wall
z=b
viscoelastic gel

z

z=0

x
Figure 1: Channel geometry.

Initially we consider a passive incompressible viscoelastic film confined in a bidimensional
channel of width b and infinite length as shown in Figure 1. In such a single fluid model, for
the polymer plus the solvent, it is reasonable to assume global incompressibility. The experimental
observations motivate incompressibility since the cell volume appears to be roughly constant when
it changes shape to fit into the channels. The bidimensional geometry mimics the experimental
conditions of channels of rectangular cross-section. The case of a cylindrical confining channel
can be treated with minor modifications. The axes are defined with x along the channel and z
across it. The confining walls are placed at z = 0 and z = b. We denote the components of
the velocity of the gel by vi , the strain rate by uij = (∂i vj + ∂j vi )/2, and the vorticity tensor
by ωij = (∂i vj − ∂j vi )/2. We assume that the gel is described by a linear Maxwell model of
viscoelasticity, which simply represents the material as an elastic spring in series with a purely
viscous drag. Therefore the constitutive equation relating the strain rate to the deviatory stress
tensor σij is written as:


D
2ηuij = 1 + τ
σij ,
(2.1)
Dt
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where η is the shear viscosity and τ is the typical relaxation time of the drag related to the elastic
modulus E = η/τ . To ensure invariance with respect to translation and rotation, we use the
Dσ
∂σ
co-rotational derivative Dtij = ∂tij + vk ∂k σij + ωik σkj + ωjk σki [19], instead of the usual time
derivative. For very short relaxation times τ , equation (2.1) describes a viscous fluid and for long
relaxation times it describes an elastic material. For polymer gels in practice τ widely varies with
parameters such as polymer concentration, pressure, or the cross-linker concentration. For dilute
polymer gels, τ is very small and the gel behaves as a viscous fluid. At higher concentrations, or
for more cross-linked gels, τ becomes very large and the gel behaves as an elastic medium. In
what follows we assume that the gel is in either of the two regimes. We assume that our gel is
incompressible such that, in the case of no polymerisation or depolymerisation,
∇ · v = ∂x vx + ∂z vz = 0,

(2.2)

which means that τ depends on pressure P only. We define a critical pressure such that τ (P <
P ∗ ) = 0 (viscous regime) and τ (P > P ∗ ) = ∞ (elastic regime). Initially we consider the gel to be
in the viscous fluid regime (τ = 0). In the limit of low Reynolds number viscous forces dominate
over inertial forces and the Navier-Stokes equation simplifies to the balance of forces;
∂i (σij − P δij ) = 0.

(2.3)

Finally as in [14] we assume viscous friction at the channel walls z = 0 and z = b, and write
σxz = ξvx where ξ(x), which can potentially be a function of x, characterises the friction and will
be described in more detail below.

2.2. A viscoelastic gel in a thin, infinitely long channel
We now derive the dynamical equations of the system in the lubrication approximation ( b ≪ L
where L is the typical length of the system). In this limit the variation of velocity field vi (x, z)
along the channel (in the x direction) can be taken as negligible as compared to variations along z.
The force balance (equation (2.3)) therefore becomes;
∂z P = 0
∂x P = η∂z2 vx .
In this approximation therefore ∂x P = dP
. With the symmetry vx (x, 0) = vx (x, b) and the viscous
dx
friction σzx (z = 0) = ξvx (x, 0) this leads to


bη
1 dP
(b − z)z +
(2.4)
vx (x, z) = −
2η dx
ξ
and with the incompressibility condition equation (2.2)


1 d2 P
dP dξ bz
6bη
vz (x, z) =
z−
(3b − 2z)z +
+ vz (x, 0).
2
12η dx
ξ
dx dx 2ξ 2
4
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Defining the average velocity along the channel v(x) = (1/b) 0 vx (x, z)dz, we obtain the following proportional relationship between the fluid flux and the pressure gradient;


b2
6η −1 dP
v(x) = −
1+ ξ
,
(2.6)
12η
b
dx
which is therefore of the form of Darcy’s law.

2.3. Self-polymerisation
To this passive viscoelastic gel, we add active properties to describe a biological active gel. The first
active property we consider is the out-of-equilibruim polymerisation of the gel. Actin monomers
are added to actin filaments in a cell by the consumption of the biological fuel ATP. Other proteins
regulate the nucleation and polymerisation of actin filaments. It is commonly observed that actin
polymerisation activators such as WASP proteins preferentially locate along the cell membrane
[1, 5]. In the case of dendritic cells, actin filaments appear to anchor perpendicularly to the cell
membrane, forming structures called podosomes where polymerisation takes place [4]. For these
reasons we suppose that the gel is polymerised at the gel/wall interface with speed vp , therefore
inducing an inward flow of actin, vz (x, z = 0) = −vz (x, z = b) = vp (see Figure 2). The

channel wall

−vp
z=b

z
z=0

x
vp

Figure 2: Polymerising gel in a channel. Blue arrows show the inward flow due to polymerisation
normal to the channel walls.
model as so far described is therefore equivalent to a viscous fluid in an infinitely long thin channel
into which fluid is injected perpendicularly from the walls. The polymerisation is balanced by
depolymerisation to conserve mass. When calculating the velocity profile, equations (2.4) and
(2.5), as we do to obtain Figures 6, 8-12, the depolymerisation rate kd should also be included in
the incompressibility condition (2.2) and therefore appears in equation (2.5) in the additional term
−kd z. Here however we focus on the average velocity along the channel v and write;
d
(bv) = 2vp − kd b.
(2.7)
dx
Equation (2.6) then becomes;


d 3
−1 dP
˜
b (1 + ξ )
= −12η(2vp − bkd ),
(2.8)
dx
dx
5
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where vp and the nondimensional friction ξ˜ ≡ ξb/6η can be a priori functions of P and x.

2.4. Boundary conditions
Two boundary conditions are needed to determine the pressure profile P (x) from equation (2.8).
We neglect the friction with the surrounding fluid in the channel and set the pressure at the leading
edge, which is assumed to coincide with the point x = L, as P (L) = 0, which gives the first
boundary condition. Note that if the pressure at the leading edge is finite due to an external force,
our results apply with an unimportant shift in the pressure field. We look for stationary states with
broken symmetry and positive velocity and therefore the pressure is a decreasing function of x. If
the system is large enough, we assume that at the front the gel is in the fluid phase but that at a
certain point the increasing pressure towards the back will reach the threshold P ∗ above which the
gel is in the elastic regime. We therefore consider the gel in the channel as consisting of a fluid part
at the front, travelling at velocity V and an elastic part at the back with velocity zero, extending to
x = −∞ (see Figure 3). The boundary between the two phases, which we label as x = 0, must

P=P *

−vp

P=0
z=b

elastic back

z

fluid front
z=0

x
x=0

vp

x=L

Figure 3: Diagram of the model showing channel geometry and viscous and elastic regimes. Blue
arrows show the flow direction
move at the same velocity as the fluid front V for a constant length L of the fluid part (L is constant
for incompressible flow). The fact that the velocity of the elastic region should be zero gives the
second boundary condition needed to calculate the pressure field: v(0) = 0 = dP
| . The selfdx x=0
consistent condition P (0) = P ∗ gives in turn an equation enabling the calculation of the length L
of the fluid front. We then write that the velocity V of the front is given by the calculated velocity
of the flow plus the polymerisation velocity at the leading edge v(L) + vp (L). We stress that the
flow velocity is forward, i.e. in the same direction as the moving leading edge. Such a forward
flow relies on the existence of an elastic region at the back. Such a denser elastic region at the back,
called the uropod, is indeed well reported in dendritic cells [28], and is characterised by a higher
concentration of cross-linkers. Such an increased concentration of cross linkers would increase the
relaxation time τ (and therefore elastic nature) further beyond that caused by the pressure gradient
of the homogeneous incompressible case described here. It is worth noting that the pressure we are
discussing here is the mechanical pressure exerted by the fluid due to the force generated by the
polymerisation against the confining walls. Real cells are also affected by osmotic pressure due
6
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to differing concentrations of molecules across the cell membrane. We do not discuss potential
contributions from osmotic pressure here.

2.5. Pressure dependent friction
Qualitatively, the value of the length L is dictated by the steepness of the pressure gradient, and
˜ If ξ˜ is small, then only very long fluid fronts can move. However in
therefore by the friction ξ.
this section we show quantitatively that the coupling of ξ˜ with the pressure field actually enables
short fluid fronts to move even with a low bare friction (such as that mimicking integrin knock-out
experiments by [18]).
Following [9] we argue that the friction coefficient ξ˜ for a polymeric gel depends on the normal
constraint. Qualitatively a high normal constraint increases the attachment rate of polymers onto
the channel walls by lowering the entropic barrier, and decreases the detachment rate.
In a gel moving at v0 , a single filament attached to the surface for a typical time τa will experience a force F = Ev0 τa where E is an elastic modulus. If there are n filaments and the probability
of a filament being attached is Pa the total frictional force will be given by Ffric = nPa Ev0 τa . The
attachment probability Pa will be given by the Fokker-Planck equation
dPa
1 − Pa Pa
=
−
dt
τd
τa
where τd is the typical time a filament stays detached. If the number of connected filaments changes
a
and therefore
slowly enough we can take the steady-state solution Pa = τaτ+τ
d
Ffric =

nEv0 τa2
.
τa + τd

We make the assumption that τa ≫ τd which corresponds to the case where the filaments are mostly
attached and the friction is then dominated by the detachment rate Ffric ≈ nEv0 τa . If the speed
of the gel at the surface is relatively small, mechanical breakage of filaments can be neglected and
the detachment rate of filaments 1/τa is given by the chemical off rate which is proportional to
exp(−W/kB T ) where W is the energy barrier for dissociation which is proportional to the normal
constraint W ∝ (P − σnn ) and kB is the Boltzmann constant and T the temperature. This then
leads to Ffric /v0 ∝ eβ(P −σnn ) where β is a positive constant of dimensions of inverse pressure that
characterises the pressure dependence of the friction. Therefore the friction coefficient is written
as
ξ˜ = ξ˜0 eβ(P −σnn ) ,
(2.9)
where in our geometry of straight channel walls the normal stress σnn = σzz for both walls at
z = 0 and z = b.

2.6. Pressure dependent polymerisation
We use a standard ratchet model for the polymerisation of a filament against a barrier following
[6]. In the simplest ratchet model the polymerisation speed of a filament at the cell membrane is
7
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given by the bare attachment rate kon in the absence of any force multiplied by the probability of
thermal fluctuations producing a gap large enough for a new subunit to attach (see Figure 4). The

kon

F
δ
Figure 4: Cartoon of a ratchet model of filament polymerisation.
energy required for a gap the size of a subunit δ is given by F δ, where F is the load which in our
case is proportional to the normal constraint (P − σnn ). Therefore the polymerisation speed is
given by vp = kon δe−F δ/kB T which we write as
vp = vp0 e−α(P −σnn )

(2.10)

where vp0 = kon δ and α is a positive constant. In this minimal model outlined here we are assuming
the filament consists of a single protofilament (in actuality actin has two) and we neglect the dissassociation rate koff from the polymerising end (known as the barbed or plus end). In other words we
are assuming that all the depolymerisation occurs at the minus end of the actin filament. Implicit
in the model outlined here is also the assumption that the diffusion over the distance δ is fast compared to the rate of addition of subunits kon and therefore does not influence the polymerisation
speed.

2.7. Calculation of the pressure profile
Equations (2.9) and (2.10) make equation (2.8) an autonomous equation for P , which is completed
by the two boundary conditions discussed above in Section 2.4. To our knowledge, such an equation cannot be solved analytically in the general case. However in the regime of small α (defined by
αP ∗ ≪ 1), vp can be taken as constant and an analytical approximation scheme can be proposed,
which enables a discussion of the motility mechanism.
We first neglect the stress due to the velocity, σnn , in equation (2.9) and write the friction
coefficient as ξ˜ ≈ ξ˜0 eβP . This assumption underestimates the friction, and therefore the pressure
field. With these approximations equation (2.8) can be integrated twice analytically and yields an
implicit equation for the pressure field to lowest order P 0 :
P0 +

6η(2vp0 − bkd ) 2
ξ˜0−1
0
(1 − e−βP ) =
(L − x2 ).
3
β
b

(2.11)

|
= 0, as discussed
where we have implemented the boundary conditions, P (L) = 0 and dP
dx x=0
0
in Section 2.4. This first expression P gives a lower bound of the pressure field, and provides a
satisfactory approximate as shown by the dotted blue curve in Figure 5.
8
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To improve on this estimate, we use P 0 (x) to determine the lowest order velocity profile vi0 (z)
0
and calculate σzz
= 2η∂z vz0 . The velocity profile is calculated using equations (2.4) and (2.2) with
0
the calculated pressure. Equation (2.8) is then resolved using this calculated value of σzz
for σnn ,
yielding the next order P 1 (x) which in turn can be used for further iterations. This result is the
dot-dashed green line plotted in Figure 5. Using realistic values for the parameters corresponding
to the actin cytoskeleton, used in [9] and [3], the iteration procedure converges rapidly.
In the general case of finite α, the first iteration giving P 0 (x) has to be performed numerically,
and then the same procedure applies. As shown by the dashed red line in Figure 5 including the
pressure dependence of the polymerisation speed (α > 0) decreases the pressure compared to
α = 0. This is expected since the pressure is built up by the polymerisation itself.
To show the impact of the pressure dependence of the friction the result for β = 0 is also shown
in Figure 5 by the black line. Clearly this coupling greatly enhances the pressure.
P (kPa)
10

8
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4

2

x (µm)
0

2

4
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10

Figure 5: Pressure profile. In order of increasing pressure the curves are: solid black: numerical
value P 0 for β = 0, α = 0.01kPa−1 ; dashed red: numerical value P 0 for β = 1kPa−1 and
α = 0.01kPa−1 ; dotted blue: analytical expression equation (2.11) for β = 1kPa−1 , α = 0;
dot-dashed green: numerical value P 1 for β = 1kPa−1 , α = 0; solid orange: numerical value
P 1 for β = 1kPa−1 , α = 0 for an active polymerising gel (see Section 3.4.). Other parameters
(estimates from [3, 9]): L = 10µm, b = 1µm, η = 10kPas, kd = 0.1s−1 , vp0 = 0.1µms−1 ,
ξ0 = 0.1kPa s µm−1 . vp0 is taken as the speed of dendritic cells on a surface which is expected to
be the actin polymerisation speed [30]. ξ0 is taken as very small (lowest estimate in [9] which is
100 fold smaller than in keratocytes [14, 15, 16]) to mimic the low adhesion of integrin knockout
dendritic cells.
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2.8. Velocity profile
Substituting the pressure as calculated in Section 2.7., into equations (2.4) and (2.5) allows us to
calculate the velocity profile plotted as blue arrows (filled arrow heads) in Figure 6. For simplicity
we use the first iteration, P 0 (x). We use α = 0.01, β = 1 and other parameters as in Figure 5.

z=b

z=0
x=0

x=L

Figure 6: Velocity profile (equations (2.4) and (2.5)) (blue, filled arrow heads) for a polymerising
gel in a thin channel.

2.9. Modelling a finite cell
We now consider the extra hypotheses required to more realistically model a moving biological
cell. Initially we considered an infinitely long system which as from Section 2.4. we consider to
be made up of a fluid front x > 0 and an elastic back x < 0. Also in Section 2.4. we introduced
the leading edge located at x = L. Instead of an open system extending to x = −∞ we now
assume that the elastic regime is a finite region mimicking the uropod observed at the back of the
cell [28]. Additionally, we assume βP ∗ ≫ 1 such that the friction of the uropod with the channel
walls is very large, enforcing v(0) = 0. To conserve the total cell mass, we further assume that
in the uropod the gel depolymerises at the speed of the leading edge V = v(L) + vp (L) (which
defines the over all speed of the cell). A high depolymerisation rate in the uropod can be justified
by the high pressure and a depletion of free actin monomers due to the forward flow. This high
depolymerisation rate refers to the depolymerisation in the elastic regime and does not refer to the
depolymerisation in the fluid region which we assume, as stated previously, is constant. With these
hypotheses, the model presented above mimics a cell moving in a channel with velocity V , and
shows that the confinement induced motility mechanism can indeed be used by cells. Interestingly,
for the parameter values used in Figure 5 the front velocity is calculated to be ∼ 10µm/min which
10

R.J. Hawkins et al.

Cell motion in confinement

is close to the velocity that can be reached by dendritic cells in collagen matrices [18] and in
channels (up to 12 − 15µm/min) [8] which significantly is larger than the polymerisation velocity
taken as the speed on a flat surface, 4 − 6µm/min [13].

2.10. Motility in confinement versus on a surface
The mechanism we have described produces a forward flow which relies on a pressure build up to
P ∗ in the gel, here induced by confinement. In order to reach a high enough pressure the system
needs to be long enough. An estimation of the minimal system size L is given by taking x = 0 and
P = P ∗ in equation (2.11):
!
3
˜−1
b
ξ
∗
L2 =
P ∗ + 0 (1 − e−βP )
(2.12)
6η(2vp0 − bkd )
β
If the friction ξ is small the minimal system size is large. However, due to the exponential dependence of the friction on the pressure, the effective friction can reach large values even with a
small bare friction coefficient ξ0 . Therefore, by increasing the pressure in the confined channel the
polymerising gel is able to build up enough friction to move forwards for a finite L.
Equation (2.12) shows that L increases faster than linearly with b, indicating that if the channel
is too wide the mechanism we describe would not be sufficient to produce forward motion for a
finite system size. In the case of a gel on a flat open substrate the typical confining length b is
large (of the order of the cell size) and therefore the length L necessary to build a strong pressure
gradient is large (L > cell size). Significantly, if the pressure remains below P ∗ , no elastic phase is
formed, thus preventing forward flow. In this case our model therefore suggests a retrograde flow,
that is in the opposite direction to the moving leading edge. Intuitively if there is no elastic back to
push off from, the flow of actin will be backwards due to the flow induced by the polymerisation at
the leading edge. Such a retrograde flow of actin has been previously modelled and observed for
lamellipodia [14, 15, 16, 34] on flat substrates. The motility mechanism for lamellipodia relies on
protrusion of the leading edge by actin polymerisation and adhesion to the substrate followed by
contraction and detachment of the rear of the cell.
It is also interesting to note that since the pressure gradient in a cell on a surface is much weaker
than in the confined case, the friction with the substrate remains close to its bare value, ξ0 , yielding
a much smaller momentum transfer with the substrate. Since the friction remains close to its bare
value ξ0 , we expect the cell motility on a surface to be more sensitive to alterations of the bare
friction coefficient that for the case in confinement, as has been observed experimentally for cells
without functional adhesion molecules [18, 21].
The flow direction, and therefore the direction of the pressure gradient in the gel, constitutes
the main difference between the confinement induced mechanism of motility that we discuss here
and the standard picture of cells lying on flat substrates.
Experimentally the pressure field can be quantified indirectly by measuring the effective contact
area of the cell membrane using Reflection Interference Contrast Microscopy (RICM). Figure 7
shows clearly that for a dendritic cell confined in a channel a larger contact area at the back of the
11
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cell is seen, indicating a backward pressure gradient in qualitative agreement with our theoretical
prediction.

cell back

nucleus

cell front

Figure 7: RICM image [12] of a dendritic cell moving (to the right) in a channel of 4µm width. The
dark zone at the back of the cell (left) indicates a large contact of the membrane with the channel
wall (independent of the nucleus, dotted line), and therefore a high normal constraint, compared to
the front (right).

3. Active gel model
So far the only “active” (out-of-equilibrium) property we have considered is the self-polymerisation.
In this section we introduce the active stress produced in our case by the activity of molecular motors such as myosin. The extension of the hydrodynamic equations for a passive gel, discussed
in Section 2.1., to include such an active stress is known as the theory of active gels. It has been
developed over recent years [14, 15, 16, 20, 29] and is proving to be successful in describing a
wide variety of biological phenomena. Here we provide an outline of the main equations.

3.1. Polar gel
Before we consider the active terms we first extend the equations for a viscoelastic gel given in
Section 2.1. to the case of a polar viscoelastic gel. We assume the directions of the actin filaments
are described by the normalised polarisation field p = (cos θ, sin θ) where θ is the angle with the
x axis. Including polarisation the constitutive equation (2.1) in the viscous fluid limit (τ → 0)
becomes;
ν
1
2ηuij = σij − (pi hj + pj hi ) + (pi hj − pj hi ),
(3.1)
2
2
where
δF
hi = −
+ λ′ p i
δpi
is the field conjugate to the polarisation, called the molecular field, where F is the free energy. The
molecular field is only defined within the transformation h → h + λ′ p, where λ′ is an arbitary
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function of time and space, since this transformation leaves the torque Γ = p × h unchanged. The
standard free energy for a polar liquid crystal is given by the Frank elastic energy [10]


Z
K3
K1
2
2
(3.2)
(∇ · p) +
(∇ × p)
F = dxdz
2
2
where K1,3 are the splay and bend elastic moduli. In two dimensions the twist term is zero. In the
one constant approximation K1 = K3 = K this leads to
hi = K∇2 pi + λ′ pi .
The molecular field is conveniently written in terms of its components parallel and perpendicular
to the polarisation;
hk =hx px + hz pz = −K((∂x θ)2 + (∂z θ)2 ) + λ′
h⊥ =hx pz − hz px = K∇2 θ.
The second term of the right hand side of equation (3.1) is the coupling between the mechanical
stress and the polarisation field, characterised by the coefficient ν as is standard for liquid crystal
hydrodynamics. The third term of the right hand side of equation (3.1) is the antisymmetric part of
the stress tensor describing the torque acting on each volume element.
The equation for the polarisation flux is given by
Dpi
1
= hi − νuij pj
Dt
γ

(3.3)

i
i
where γ is the rotational viscosity. The derivative is the co-rotational derivative Dφ
= ∂φ
+
Dt
∂t
(vk ∂k )φi + ωij φj to ensure invariance with respect to rotation as well as translational flow.
In our model we assume normal outwards anchoring at the walls, consistent with available
experimental observations. As assumed for models of the lamellipodium [17] we assume normal
anchoring at the front. This imposes the symmetry breaking such that the polarisation points
forwards (see black arrows in Figures 8 and 9). The polarisation in our case is therefore imposed
as θ = − π2 (1 − 2zb ).

3.2. The active contribution
We are finally ready to add the active contribution to the polar gel. The active stress is given by
σijactive = ζ̃∆µ pi pj ([14, 15, 16]) where ∆µ is the chemical potential of ATP hydrolysis which provides the energy to the molecular motors driving the system out of equilibrium. The coefficient ζ̃
determines the nature and strength of the activity and it is to linear order proportional to the myosin
concentration. In general the myosin concentration and therefore ζ̃ may not be homogeneous and
we therefore allow it to vary with x. Acto-myosin systems are thought to be contractile which
corresponds to ζ̃ < 0. With this active stress the constitutive equation (3.1) becomes;
ν
1
2ηuij = σij − (pi hj + pj hi ) + (pi hj − pj hi ) + ζ̃∆µ pi pj .
2
2
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In general the equation for the polarisation flux (3.3) also gains an extra term due to the activity.
This term, λ∆µ pi , is characterised by the coefficient λ, which if positive tends to align the filaments enhancing the local polarisation. However if the polarisation has a fixed modulus, as in the
case we consider here, this term simply modifies the parallel component of the molecular field hk
(modifying λ′ ) which is itself determined by the modulus of the polarisation. Using this modified
molecular field h̃i = hi + γλpi in equation (3.4) simply changes the coefficient ζ to ζ̃ = ζ + λνγ.
For simplicity we therefore directly wrote ζ̃ in equation (3.4) and leave the polarisation flux as in
equation (3.3).

3.3. The thin channel approximation
It is also useful to consider the lubrication approximation for a thin channel b → 0. The force
balance equation (2.3) in this case leads to
∂x P = η∂z2 vx − ζ̃∆µ ∂z (sin 2θ)
with the appropriate parallel component of the molecular field h̃i = hi + (K(π/b)2 + γλ)pi . Using
the approximation therefore ∂x P = dP
, the symmetry vx (x, 0) = vx (x, b) and the viscous friction
dx
σzx (z = 0) = ξvx (x, 0) as in Section 2.2. this is solved by:
1 dP
vx (x, z) = −
2η dx



bη
(b − z)z +
ξ



−

bζ̃∆µ
(1 + cos 2θ)
4πη

(3.5)

and with the incompressibility condition equation (2.2)




1 d2 P
dP dξ bz
b sin 2θ
6bη
b dζ̃∆µ
vz (x, z) =
z−
z+
.
(3b − 2z)z +
+ vz (x, 0) +
12η dx2
ξ
dx dx 2ξ 2
4πη dx
2π
(3.6)
For polarisation with anchoring at each wall the same (e.g. parallel to the walls θ = 0) there will be
no flow. However a finite gradient in the polarisation, imposed for example by normal anchoring
θ = − π2 (1 − 2zb ), gives a finite velocity as shown in Figure 8.

z=b

z=0
x=0

x=L

Figure 8: Polarisation θ = − π2 (1 − 2zb ) (black arrows) and velocity profile (equations (3.5) and
(3.6)) (green, filled arrow heads) of an active gel in a channel.
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The average velocity along the channel (equation 2.6) with the active contribution therefore
becomes;

bζ̃∆µ
b2 
−1 dP
˜
−
,
v(x) = −
1+ξ
12η
dx
4πη
which is a generalised Darcy’s law.

3.4. Active gel with polymerisation at the walls
Introducing polymerisation at the walls as in Section 2.3. will affect the polarisation such that
θ(z) = θ0 + θ1 where θ0 = − π2 (1 − 2zb ) is the static configuration which satisfies the normal
anchoring boundary condition as in Section 3.1.. With the assumption that θ1 is linear in vp0 ,
in the lubrication approximation (as outlined in Section 3.3.) to lowest order the polarisation is
given by its static configuration θ0 . Therefore the velocity is given by equations (3.5) and (3.6)
with the depolymerisation term −kd z in equation (3.6) as explained in Section 2.3.. Experimental
observations [18] indicate that the concentration of myosin is greater at the back of the cell. We
model this with a simple linear gradient in the activity coefficient
ζ̃(x)∆µ = ζ̃0 ∆µ(L − x)/L
The resulting velocity profile is shown in dashed green arrows in Figure 9, and shows that the
contractile activity of the acto-myosin system enhances motion.

z=b

z=0
x=0

x=L

Figure 9: Polarisation (black) and flow velocity (equations (2.4) and (2.5)) with (dashed green)
and without (blue) myosin. Polarisation arrows point in the direction of actin polymerisation. The
active term is taken as ζ̃(x)∆µ = ζ̃0 ∆µ(L − x)/L for x > 0 such that there are more myosins at
the back of the cell.
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4. Tilted channel walls
In order to further investigate the role of geometric confinement on motility we consider a channel
with one wall tilted such that the channel has the shape of a funnel (as shown in Figure 10). In this
section we first consider a self-polymerising gel in such a channel, then an active contractile gel
and finally adding both effects together.

4.1. Polymerising gel in tilted channel
In this geometry of a funnel shaped channel with the top wall tilted the height of the channel is b = b0 + b1 x (see Figure 10). Throughout we consider a small tilt b1 L ≪ b0 keeping up to linear order in b1 . We substitute this into equations (2.4) and (2.5), calculating the
pressure as outlined above in Section 2.7.. The boundary conditions for the velocity perpendicular to the channel walls due to polymerisation become v⊥ (x, 0) = vz (x, 0) = vp (as before) and v⊥ (x, b) = vz (x, b) cos b1 − vx (x, b) sin b1 = −vp (modified according to the new geometry). The velocity parallel to the channel walls becomes vx (x, 0) = vx (x, 0) (as before)
and vk (x, b) = vx (x, b) cos b1 + vz (x, b) sin b1 modified due to the tilted upper wall. Therefore
the velocity components at the upper wall are now vx (x, b) = vx (x, 0) cos b1 + vp sin b1 and
vz (x, b) = −vp cos b1 + vx (x, 0) sin b1 . As before vx (x, 0) is determined by the viscous friction
σzx (z = 0) = ξvx (x, 0) but the friction condition at the upper wall becomes σk (z = b) = ξvk (x, b).
Intuitively we expect the material to flow towards the wider part of the channel since the polymerisation pushes off the tilted wall. However due to the conservation of mass (equation (2.7)) the
average velocity v in the tilted case will be slower than the straight case as the width b becomes
larger. The velocity profile in a straight (solid blue, filled arrow heads) compared to tilted (dashed
red, filled arrow heads) channel is shown in Figure 10, assuming the pressure remains high enough
for forward motion.

z=b0+b1 x
z=b0

z=0
x=0

x=L

Figure 10: Velocity profile of a passive polymerising gel in a straight (solid blue, filled arrow
heads) and tilted (dashed red, filled arrow heads) channel.
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At this point it is appropriate to comment on the direction of movement. For a straight channel
the symmetry is broken spontaneously and the cell is just as likely to move in the positive or negative x direction. In the above we always chose the positive x direction. For a tilted channel the
tilt induces a preference for movement towards the wider part of the channel due to the polymerisation against the tilted wall. With motion towards the wider part, the pressure build-up towards
the back increases faster than if the symmetry was broken in the opposite direction, due to the
tilted geometry favouring a higher pressure in the narrower region. If the back was at the wider
part, in an extreme case the pressure would not reach the threshold P ∗ required for the mechanism
we describe. These two effects of the polymerisation direction and the pressure give a bias to the
symmetry breaking in favour of the positive x direction.

4.2. Active contractile gel in tilted channel
In this section we ignore the possibility of self-polymerisation and consider an active contractile
gel in a tilted channel. In this case the velocity is given by the equations (3.5) and (3.6) where
b = b0 + b1 x and the polymerisation velocity and depolymerisation rate are zero vp = kd = 0.
Therefore the boundary conditions for the velocity components are vx (x, 0) = vx (x, 0), vx (x, b) =
vx (x, 0) cos b1 , vz (x, 0) = 0 and vz (x, b) = vx (x, 0) sin b1 . The polarisation is taken with normal
anchoring at the channel walls such that θ = − π2 (1 − 2zb ) + b1bz . Figure 11 shows the polarisation
and velocity profile for straight and tilted channels.
It is interesting to note that, for a long system the symmetry breaking would actually be biased
in the direction as drawn in Figure 11(c) and not Figure 11(b) in order to minimise the elastic
energy (equation 3.2). In this case the velocity is towards the narrower part of the channel. In the
case of a finite cell within the channel with the polarisation normally outwards around the entire
membrane surface, there is by necessity a defect. Minimising the elastic energy would favour the
defect in the wider part of the channel and therefore the case drawn in Figure 11(c) where the
direction of motion is towards the narrower part of the channel. This suggests that the symmetry
breaking bias is in opposite directions for motion driven by polymerisation and motion driven by
active contractility by molecular motors.

4.3. Active contractile and polymerising gel in tilted channel
Finally we consider a polymerising active gel in a tilted channel. We assume that the polymerisation is the dominant effect and therefore the symmetry breaking for the polarisation is in the
positive x direction towards the wider part of the channel as discussed in Section 4.1.. The velocity
profile is calculated from equations (3.5) and (3.6) with b = b0 + b1 x and θ = − π2 (1 − 2zb ) + b1bz .
The boundary conditions for the velocity induced by the polymerisation are the same those given
in Section 4.1.. The result is plotted in Figure 12 as solid brown filled arrow heads with the passive
result from Section 4.1., Figure 10 shown in dashed red filled arrow heads for comparison. With
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z=b0
(a)

z=0
x=0

x=L

z=b0+b1 x

(b)

z=0
x=0

x=L

z=b0 - b1 x
(c)

z=0
x=0

x=L

Figure 11: Velocity profile of an active gel in (a) straight (green filled arrow heads: velocity; black
arrows: polarisation) and (b) tilted up (c) tilted down (brown filled arrow heads: velocity; grey
arrows: polarisation) channel.

z=b0+b1 x

z=0
x=0

x=L

Figure 12: Velocity profile of a passive (dashed red, filled arrow heads) and active (solid brown,
filled arrowheads) polymerising gel in a tilted channel, polarisation grey arrows
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this choice of symmetry breaking it is clear that the effects of polymerisation, active contractility
and a positive tilt in the confining walls are additive increasing the velocity in the channel in the
positive x direction (towards the wider part of the channel).

5. Conclusions
In conclusion, we have discussed mechanisms for cell motility in confinement which differ substantially from the standard picture of cell motility on flat open surfaces. Importantly our model
does not require specific adhesion proteins since the mechanism relies on a pressure build-up in
confinement which enhances the friction. This result is compatible with the experiments of [18],
where it is found that integrin knocked out dendritic cells are motile only in confined environments.
Within our model, which relies on actin polymerisation against the confining walls, contractility
due to myosin molecular motors is not essential to motion but we show it can increase the speed, in
agreement with experiments [18]. Finally we have also discussed motility in channels with tilted
walls. We show that polymerisation against the confining walls alone is sufficient for cell motion
in confinement. Also active contractility alone can produce motion if the local polarisation of the
gel is anchored in such a way as to maintain a gradient of polarisation. We find that a combination
of both effects can be additive, increasing the flow velocity.
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[16] K. Kruse, J. F. Joanny, F. Jülicher, J. Prost, and K. Sekimoto, Generic theory of active polar
gels: a paradigm for cytoskeletal dynamics., Eur. Phys. J. E Soft Matter, 16 (2005), No. 1,
5–16.
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